PHYSICAL REVIEW E 76, 011911 (2007)

Analysis of structures causing instabilities
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We present a simple new method to systematically identify all topological structures (e.g., positive feedback
loops) potentially leading to locally unstable steady states: ICSA—The instability causing structure analysis.
Systems without any instability causing structure (i.e., not fulfilling the necessary topological condition for
instabilities) cannot have unstable steady states. It follows that common bistability or multistability and Hopf
bifurcations are excluded and sustained oscillations and deterministic chaos are most unlikely. The ICSA leads
to new insights into the topological organization of chemical and biochemical systems, such as metabolic, gene

regulatory, and signal transduction networks.
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I. INTRODUCTION

Poincaré once said a law of nature is a differential equa-
tion (DE). Although much of our knowledge about nature is
written in DE terms, there is no general procedure for solv-
ing them. Rather, most systems are nonintegrable and admit
no exact solutions [1]. After that appreciation, methods for
qualitative analysis of DEs have been established. However,
detailed knowledge of kinetics is usually needed for it, but
often not available. Typically a rather vague knowledge
about systems exist: one only knows which variables influ-
ence which others, but often also if it is an activating or
inhibiting influence. Well known examples are gene regula-
tory and signal transduction systems. It is therefore important
to develop a deeper dynamical understanding of these under-
lying topological structures: sometimes already some topo-
logical knowledge yields useful information about systems
dynamics. For (bio)chemical systems initial results have
been presented already some decades ago [2-5]. Analyses of
the stoichiometric matrix became especially popular during
recent years [6—10]. Here we present a new approach for
topological analyses of such and other systems, for which
usually no stoichiometric matrix is analyzed, for instance,
gene regulatory and signal transduction systems.

Mass balance equations describing the dynamics of spa-
tially homogeneous (bio)chemical reaction systems can be
written in the form

X sv=r), (1)

where x=(x,x,, ...,x,)" denotes the concentration vector of
all metabolites, S the stoichiometric matrix, Vv
=(v,0p,... ,vm)T the flux vector describing all reaction ve-
locities, and f(x) the phase flow in phase space [6,7]. Differ-
ent methods restricted to analyses of the stoichiometric ma-
trix S instead of the complete dynamical system (1) became
popular during the last decade [8]. Many sequencing projects
are already completed now, providing the basis for genome-
scale reconstructions of metabolic networks and their sto-
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ichiometric matrices [8]. Different network reconstruction
methods have been developed during recent years [11].
Analyses of the stoichiometric matrix are an important part
of “constraint based modeling,” which can be subdivided
into “two fundamental types of constraints: balances and
bounds” [8]. Linear balance equations of the metabolites are
found by analyzing the left null space of S [6,7,12,13]. The
right null space (kernel) of S corresponds to the set of all
solutions (v) of the steady state condition for system (1),

S-v=0. (2)

Without additional restrictions of reaction velocities (e.g.,
v;=0) it describes the space of all possible steady state
fluxes of system (1). The kernel is also the basis for different
definitions of metabolic pathways, taking into account differ-
ent linear inequalities. Best known are elementary modes
comprising unique minimal sets of enzymes that could oper-
ate at steady state [9,14], and extreme pathways, unique sets
of generating vectors spanning the convex steady state flux
cone [7]. Because in the presence of reversible reactions
there are often more elementary modes than are needed to
span the flux cone, extreme pathways typically comprise a
subset of all elementary modes [7]. Convex spaces, which
are based on linear equality and inequality conditions, are
also the basis for the well-known flux balance analysis
(FBA), defining optimal solutions in the allowed flux space
[15].

However, all these “balances and bounds” are linear con-
straints; nonlinear constraints are nearly not discussed so far
[8]. By taking into account additional knowledge of reaction
kinetics one can also identify nonlinear conservation rela-
tions and nonlinear constraints in the space of steady state
fluxes. For instance, the mass-action kinetic system dx/dt
=(k; S, —ky)x—2ksx?, dy/dt=kox—ksxy (in the following, S,
and P; denote constant outer reactants) has the nonlinear
conservation  relation  F(x,y)=In(k,+2ksx—kS;)/(2ks)
—In(k,—k4y)/ky=const [16]. More importantly, the demand
for local stability of steady states leads to additional (nonlin-
ear) constraints in the space of steady state fluxes (example
in Sec. II). Local stability can be calculated using the well-
known criterion of Routh-Hurwitz [17] (Sec. II). In Sec. III
we present a general procedure for systematical identification
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of all potential sources of instabilities in a given chemical or
biological reaction network (metabolic, signal transduction,
or gene regulatory network), which is based on the Routh-
Hurwitz criterion—the instability causing structure analysis
(ICSA). If a system does not contain any instability source, it
can be deduced that all its steady states are locally stable.
Only in such a case the demand for local stability yields no
additional constraints in the space of steady state fluxes. An
example is a system without any feedback loop. A corre-
sponding elementary proof is also presented. Importantly,
this analysis needs no knowledge of kinetics. For corre-
sponding analyses of chemical or metabolic networks, in the
simplest case it is sufficient to know only the signs of the
elements of the stoichiometric matrix. For signal transduc-
tion and/or gene regulatory networks the typical information
of activator and inhibitor interactions is already sufficient for
the ICSA.

II. ROUTH-HURWITZ STABILITY CRITERION

If system (1) is known completely, i.e., its stoichiometry S
and the kinetics v, the local stability of its steady states can
be determined: the considered steady state is locally stable if
the real parts of all eigenvalues \; of the Jacobian matrix J
={9f(x)/ x|} are negative. Fortunately, a necessary and
sufficient condition for local stability of steady states exists
that works without actually calculating the \;. The character-
istic polynomial of J is

N+ a, N+ +a N +ay=0. (3)

Hurwitz [17] has shown that all eigenvalues \; have negative
real parts, i.e., the corresponding steady state is locally
stable, if and only if

a;>0(i=0,...,n=1) and H;>0(j=2,...,n-1),

(4a)

where a; are the coefficients of the characteristic polynomial

and H; denote the upper left subdeterminants (principal mi-

nors) of the Hurwitz determinant

dy-1 Ap-3 dy-5 Apq
1 Ay Apg Ay

H= 0 a.; a3 a,5 |, (4b)

0 1 App dp4

for instance, H,=a,_1a,.,—a,_3.

The first step in local stability analysis usually is the so-
lution of the steady state equation (2), which is, unfortu-
nately, in most cases impossible. However, additional con-
straints in the space of steady state fluxes can be found
without solving Eq. (2). Consider, as an example, the small-
est chemical reaction system with Hopf bifurcation' [18-20]
as follows:

'A corresponding proof that this system is the unique “smallest”
one according to an also presented definition was given in [18].
Other “smallest” limit cycle systems with only two variables nec-
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ky

X+Sl—>2X,

ky
X+Y—-Y+P,

ks
Y—)Pz,

ks
7Z—Y, (5a)

which can be described by the ordinary differential equations
(ODEs) in the form of Eq. (1) as follows:

oy =Ko
A\ 1 =10 =1 0\ vy=kyxy
y|=l0 0 -1 0 1 vy=kyy |- (5b)
Z o 0 1 -1 vy = kyx

Us=Kksz

If the Jacobian is written in terms of reaction velocities’

vi_Vs_ vy vy
X X X y
v v
J= 0 -2 =2
y Z
vy 0 _Us
X Z

U3( U Uy U3 Us[ U1 Uy Uyg U3
N R p ERPPRP I
X X X Z\X X X y

D= 05(1)1113 —UoU3 —UpUyg — v3v4)/(xyz) < 0,

and H,=TK+D > 0. Because concentrations are always posi-
tive, D <0 yields a nice nonlinear constraint in steady state
flux space, which is independent of any steady state values.

However, for such analyses detailed knowledge of kinet-
ics is necessary. We now show that, importantly, insight into
destabilizing topological structures of dynamical systems can
be found without knowing the kinetics.

essarily contain unrealistic trimolecular reactions. A comprehensive
review of “smallest” oscillating two- and three-variable systems
was published in 1997 in the doctoral thesis of the author and is
available on request.

2Considering mass-action kinetic systems, inverse concentrations
naturally enter the Jacobian if it is written in terms of reaction
velocities. These inverse concentrations are the first n components
(for n-dimensional systems) of Clarke’s convex parameters used to
discuss stability issues (instead of the usual kinetic parameters) [4].
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III. CLASSIFICATION AND SYSTEMATIC
IDENTIFICATION OF DESTABILIZING TOPOLOGICAL
STRUCTURES: ICSA—INSTABILITY CAUSING
STRUCTURE ANALYSIS

We define all different types of topological structures po-
tentially causing local instability of steady states and present
a method to systematically identify them. If a system does
not contain any instability structure, it follows that all steady

|
A—B

vy
B—C

v3
C—B

U4

C—D

Us 1
D—C 0
U6
C—E 0O 0 0 1
vy 0
A—>P1
Ug
B—’PZ
U9
D—>P3

vio

E—>P4

A,B,C,D,E are internal and P,,P,,Ps,P, are constant ex-
ternal reactants. For (bio)chemical reaction networks, the
minimum information needed for an ICSA are simply the
signs of the nonzero elements in the stoichiometric matrix.
Usually, these signs show the net effect of each reaction, for
instance, the first column of S indicates that the first reaction
consumes A and produces B. Knowing not only the signs, but
the complete stoichiometric factors allows a somewhat more
detailed ICSA. This information is already available for dif-
ferent large metabolic networks in different databases, such
as the Kyoto Encyclopedia of Genes and Genomes (KEGG
[21]) and BRENDA [22]. It also results from new sequenc-
ing projects [8]. Although not necessary for a basic ICSA,
additional information about catalyzing reactants [e.g., ¥ in
reaction 2 of system (5a)], and for non-mass-action systems
about activators and inhibitors of enzyme reactions [e.g.,
threonine inhibits the glycine hydroxymethyltransferase (EC
2.1.2.1) and isoleucine inhibits the threonine ammonia-lyase
(EC 4.3.1.19)] can reveal additional instability causing struc-
tures. A lot of corresponding information can be found in
BRENDA [22]. Signal transduction and gene regulatory net-
works typically contain activator and inhibitor interactions
such as A— B, i.e. A activates B, and B-C, i.e., B inhibits C.
This information is enough for a corresponding ICSA. Dif-
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states are always (for all parameter values) locally stable.
The simplest example for an instability causing structure is
an autocatalytic reaction. We name such structures type I
instability structures. Importantly, the only information that
is needed for the ICSA is the topological structure of the
(bio)chemical system (e.g., metabolic network or signal
transduction system), knowledge of the kinetics is not re-
quired. Consider, for example, the Schilling-Letscher-
Palsson (SLP) system [7]

vy(A)
v,(B)
v3(C)
v4(C)
vs(D)
ve(C)
by(A)
by(B)
bs(D)
by(E)

(6)

oS O O O

ferent signal transduction databases exist; two regularly up-
dated examples are KEGG [21] and the dynamic signaling
maps (http://www.hippron.com/hippron/index.html).

A. General definition and method to identify all instability
types

We demonstrate the general method to identify all desta-
bilizing structures of a given system by means of the ex-
ample system (5a). As mentioned, the minimum information
needed for the analysis of this chemical reaction system are
the signs of the stoichiometric matrix elements (5b). How-
ever, knowing all substrates for all reactions, e.g., knowing
also that Y catalyzes reaction 2 (which is not indicated by the
stoichiometric matrix), allows a more detailed ICSA®. Mul-
tiplication of the sign matrix and the velocity substrates

’In mass-action kinetic systems higher substrate concentrations
always enhance the reaction velocity. However, if general bio-
chemical reactions are considered, it is useful to know for each
substrate if it is activating or inhibiting the reaction [simply know-
ing that a substance E influences the reaction velocity v(S,E) does
not tell if dv/dE>0 or <0].
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vector’ [v,(x),v,(x,y),03(y),v4(x),vs5(z)]" and differentia-
tion yields the corresponding general Jacobian of system (5a)
and (5b) as follows:

Ulx—U4x— U2y —Uzy 0
J= 0 - U3’y vS,z . (73.)

U4 x 0 ~Usz

where v; j=dv;/ dx; denotes the corresponding general partial
derivatives.

Generally, we assume a constant sign of dv;/dx; in the
considered phase space. In (bio)chemical systems it is there-
fore important to consider each reversible reaction as two
independent irreversible reactions: this ensures that the reac-
tion velocity expression depends on the substrates in a mono-
tonic manner [6]5 Just for the sake of convenience: if
dv;/dx;<0 (i.e., x; is an inhibitor), the corresponding partial
derlvatlve term should be replaced by a modlﬁed expression
explicitly showing the negative sign: v; ;=—0; ;. An example
is the simple competitive inhibition kinetics v(S,I)
=v,5/(K,+S+I/K;) [6]: dv/dl=v_;=-0 ;. However, in
mass-action kinetic systems dv;/dx;>0 V i,].

From Eq. (7a) one obtains the following coefficients of
the characteristic polynomial and the Hurwitz determinant
H:

ay =Vy4x + Uo + U3,y + Us:—VU1xs

ay=(vy, + U4,x)(03,y +0s5.) + U3Us,;— Ul,x(v3,y +Us,),
Ao = V2 xU3 U5 2+ U2 yU4 U5 o+ U3 304 U5 . = U1 xU3,U5 25

H, = positive terms — v ,[205 (v, + V4 ) + vg,y + 205 (vy,
2
+03,) + 204 U5 + V5] = U204 U5, (7b)

As stated above in Eq. (4a), a steady state is locally stable
if all @;>0 and all corresponding H;> 0. Note that the trace
a,_, always contains summands with only one factor, a,_,
contains only two factors terms, and so on. Generally, all
summands in a,_; are products of i factors. The same holds
for H;: H, only contains 1+2=3 factors terms, H; (for four-
and higher-dimensional systems) contains 1+2+3=6 factors
terms, H, (for five- and higher-dimensional systems) con-
tains 1+2+3+4=10 factors terms. Generally, H; contains
i(i+1)/2 factors terms. Note that usually each factor belongs
to another reaction. In other words, the higher i, the more
complicated topological structures are involved, for both, the
coefficients a; and the Hurwitz determinants H,.

Generally, the coefficients a; (3) are related to the ele-
ments of the Jacobian b;; [23] by

*The velocity substrates vector contains information about all sub-
strates for each reaction, and for more complicated biochemical
velocity expressions also information about activators and
inhibitors.

5This holds true for all common reaction velocity expressions in
(bio)chemical systems [6]. However, also hypothetical complicated
expressions violating this rule can be handled by corresponding
decompositions of the velocity terms.

PHYSICAL REVIEW E 76, 011911 (2007)

a1 = (=12 by,
Ay 2_( 1) (Ebuby Ebz] 11>’

Ay 3_( 1) (2 bub]jbkk E bnb kbkj+ E bl] ]kbki)’

ij.k i,k i),k

a,_4=(- 1)4( > biibjibuby + > biibjibubj
ikl ikl

- E bltb]jbklblk+ E blj ]tbklblk E bl] ]kbklbli>’

i,j,k,l i,j,k,l i,j,k,l

> bibibibibn,

ijkLm

a, s=(- 1)5< > biib;ibububym —

i.jk.Lm

+ 2 bll ]]bklblm mk — E btzbj]bkkblmbml

ij.k,lm i.j,k,,m
+ 2 bub]kbkjblm ml ~ E bl] jlbklblm mk
i,j,k,l,m i,j.k,l,m
+ E bijb jkbklblmbmi)’
ij.k,lm
ay=(=1)"Det(J), (8)

Equation (8) shows that all terms in a,_, correspond to
cycles of length one: v, ; in row j and column j denotes an
influence of reactant j onto itself (via reaction 7). All terms in
a,_, contain only cycles of length one or two, but no other
combination of factors. Similarly, a,_; contains only terms
with cycles of length one, one and two, or three, and so on.’
Generally, a,_; contains only terms corresponding to feed-
back cycles (up to a length i). It follows that also all terms in
H; only contain cycles [either positive (autocatalytic) or
negative feedback cycles]. Therefore, treelike dynamical sys-
tems without any feedback cycle cannot have unstable steady
states [4] (if b;<0 V i). This also implies that any system
with an arbitrary number of feed-forward loops (positive or
negative), but no feedback cycle is always stable.
Moreover, we conjecture the following for all terms a,,_;:
the summands containing an odd number of cycles have al-
ways a negative sign (e.g., Z; ; x 1 mbiib ;bbb in a,_s: two
cycles of length one and one cycle of length three), all sum-
mands containing an even number of cycles have always a
positive sign (cf. a,_,a,_s, ... ,a,_s). It follows that at least
one of the cycles must be a positive feedback loop (only
activating interactions or an even number of inhibitory inter-

®The number of different terms in a,_; is equivalent to the number
of different possibilities to subdivide i stones. Five stones can be
subdivided in seven different ways (as can be seen in a,_s), six
stones in 11 ways, seven stones in 15 ways, and so on. A corre-
sponding general formula of this famous so-called partition problem
was first presented by Hardy and Ramanujan [24].
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actions [4,25]) in order to violate a stability condition a,,_;
>0. In other words, systems without autocatalytic cycles
have always positive coefficients of the characteristic poly-
nomial. Note also that in a,_; only a term corresponding to a
cycle of length i can violate the stability condition, if all
terms in all lower order coefficients are stabilizing. A posi-
tive feedback loop of length 7 is always an instability causing
structure if it appears in a,_;. However, terms in the Hurwitz
determinants H; show no such simple pattern. System (10)
shows that the same negative feedback cycle can be stabiliz-
ing in a, and destabilizing (instability causing) in H,.

We propose the following simple classification scheme of
ODE systems: the coefficient a; or the Hurwitz determinant
H; containing the terms with the lowest number of factors,
which contains at least one negative term defines the sim-
plest contained type of instability. This simplest instability
type is used for the corresponding system designation. For
instance, the example system (5a) is a type 1 instability sys-
tem, because already the simplest coefficient a,_;=a, con-
tains a negative term: —v; , Eq. (7b). Additional independent
instability structures are most simply found by deleting all
terms (v; ;=0) corresponding to the simpler type of instabil-
ity in the higher-order expressions a; and H; and looking for
remaining negative terms. For instance, setting v =0 re-
veals that a,, a;, and a, then only contain positive terms, Eq.
(7b). There is only one remaining negative term in H, Eq.
(7b): —v5,v4,Us,, indicating a second potential source of
instability in system (5a). That means the type 1 instability
system (5a) contains a total of two instability causing struc-
tures: a type 1 instability and an H, instability. Generally, the
system designation is the following: if a,_; is the smallest
coefficient with at least one negative term, it is a fype i in-
stability system (or simply type i system). If, however, the
smallest Hurwitz determinant H; with a negative term con-
sists of summands with smaller products than the terms of
the smallest coefficient of the characteristic polynomial with
at least one negative term, then the system is called an H;
instability system (or simply H; system).

A more detailed analysis (taking into account the com-
plete information on kinetics) shows that replacing the auto-
catalytic reaction in Eq. (5a) with a simple constant input
reaction S—X (i.e., v;,=0), gives a totally stable system:
the positive steady state is locally stable for all allowed pa-
rameter values (generally, our identified topological instabil-
ity structures are necessary, but no sufficient conditions for
instability). In Sec. III B. we present a similar system con-
taining only an H, instability, i.e., an H, instability system,
where the H, term —v, ,v4 Vs, indicates the only instability
causing structure. '

B. Example systems

System (5a) with its autocatalytic reaction (which we also
denote as an autocatalytic cycle of first order) is a simple
type 1 instability system. Here we present three other sys-
tems with three different types of instabilities.

1. Type 2 instability system

The following system contains a type 2 instability, but no
type 1 instability. It is therefore denoted as a type 2 instabil-
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ity system. Type 2 instabilities are always autocatalytic
cycles of second order.
Some years ago we [26] presented the system
ky
S—X,

ky
2Y—Z,

k3
Z—2Y,

ky
X+Z—Y+7Z,

ks
Y—P, 9)

to demonstrate that autocatalytic reactions are not necessary
for Hopf bifurcations. For our analysis of the contained in-
stability types we do not need the detailed kinetics contained
in the ODEs, but only the following information: v,=const,
v,=f(y) consumes Y and produces Z, vy=f(z) consumes Z
and produces Y, vy=f(x,z) consumes X and produces Y, vs
=f(y) consumes Y. Note that this is exactly the information
contained in the signs of the stoichiometric matrix elements
and the velocity substrates vector. The general Jacobian
therefore reads

U4 0 ~ U4z
J= U4,x _U2,y_v5,y U3‘Z+U4’Z
0 U2y —U3;

One obtains the following a; and Hj:

a, = U2,y + U3,Z + U4,x + Uj,y,
a = U2,y(v4,x - U4,z) + U3,z(U4,x + U5,y) +U4.Us,y,
ap= U3,zv4,xv5,y’

H, = positive terms — v, 0y (U5, + U3, + Vs, + Vs ).

All terms in a, are positive, the system contains no autocata-
lytic reaction. Obviously, the term —v; v, . in a; is the only
source of instability (after setting v,,v,,=0, H, contains
only positive terms). The system is a type 2 instability sys-
tem, it contains an autocatalytic cycle of second order: if y is
enhanced, z becomes larger what then enhances y again.
Note that this positive feedback loop could also be realized
with two negative terms —v, , and —v, . in J: y inhibits z and
z inhibits y. As we have shown [26], this type 2 instability
system, described by the ODEs x=1-kyxz, y=—y-2k,y>
+2kyz+kyxz, 2=kyy*—k5z (dimensionless quantities), has one
steady state (X,y,2)=[k3/(kyk4),1,k,/k3] and a supercritical
Hopf bifurcation [e.g., for ky=k;=1, k,=(1325-17)/6].

2. Type 3 instability system

The following is a simple example for a type 3 instability
system, i.e., it contains an autocatalytic cycle of third order,
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but no autocatalytic cycle of first (autocatalytic reaction) or
second order:

ko
S0—>X,

ky
S +Y—=X+7,

ky
S,+Z—Y+Z,

k3
S+ X—Z+X,

ky
X—)Pl,

ks
Y—>P2,

ke
Z—>P3.

The corresponding general Jacobian, a; and H, are

- U4,x vl,y 0
J= 0 —US,_‘, Uz’z s
US,x 0 - vﬁ,z

Ay =V4x+ U5y + Vg s
a1 = V4,05 +U4U6,; T U506 2

Ao = Vg U5yV6,2 = U1,yU2,203 x5

H, = only positive terms.

The only source of instability is the term —v; v, v5, in ag,
the system has the corresponding autocatalytic cycle of third
order. A more detailed analysis based on the corresponding
ODEs x=§0+1;1y—k4x, y=l;2z—k5y, Z'=l€3x—k6z shows that
the necessary and sufficient condition for local (and
global) stability of the only steady state (X,y,Z)

=(E5g6,E2E3,;3;5);0/D with D=k4k5k6—;1;2g3 is D>0 (thlS
linear system has, of course, also a simple analytical solu-
tion).

3. H, instability system

The following system contains an H, instability as the
only instability causing structure, i.e. it contains no autocata-
lytic cycle at all. As mentioned above, a modified system
(5a) where the autocatalytic reaction is replaced with a
simple constant input reaction, gives a totally stable system.
However, a similar system with a constant input instead of
the autocatalytic reaction and two reactions of higher mo-
lecularity is an H, system:

ky
Sl—)X,

PHYSICAL REVIEW E 76, 011911 (2007)

ky
X+Y—->Y+P,

ks
Y—)Pz,

ky
S, +3X—3X+7Z,

ks
S3+3Z—3Z+7Y,

ke

The general Jacobian and the coefficients a; and H, read

- Uz’x - Uz’y 0
J= 0 - U3‘y U5, 5

Uy x 0 — Vg,

a, = U x + U3’y + Ue,zs
ap= UZ,x(v3,y + v(),z) + US,yv6,z9

ap =V, U3,V6 ;+ Us U4 Us o

H, = positive terms — vy U4 Vs .

Note the similarity to the expressions in Egs. (7a) and (7b)
with v ,=0. Obviously, the negative term —v;, 04,5, in H,
indicates the only instability causing structure, which is not
an autocatalytic cycle (i.e. positive feedback loop), but, in-
terestingly, a negative feedback loop: X promotes the produc-
tion of Z(v,,), Z promotes the production of Y(vs ), but Y
does not promote the production of X, but inhibits it (-v, ).

A local stability analysis based on the corresponding
ODEs x:El —kyxy, y=l€5z3—k3y, z':lg4x3—k6z shows that
the only positive steady state (x,¥,2)
= ([kksk, / (kksky) 1% ey / (k%) , (k337 ks)'?) undergoes a su-
percritical Hopf bifurcation at H,=k3(kg+koy) +ks(ks+ky)?
+ kz[kﬁ_)—)(k6 + k2_)_/) - 9;4125.?322] =0.

IV. DISCUSSION

We presented the ICSA, the first definition and systematic
method for the identification of all topological structures po-
tentially causing instabilities of steady states. It fits into the
general research field relating the dynamic behavior of a sys-
tem to its topological structure, which was also the basis of
our former work [18-20,26]. For (bio)chemical systems this
goes back to earlier works of Higgins [2] and Clarke [3-5].
Clarke also considered the problem of steady state stability,
but in contrast to our simple and general approach his much
more complicated analysis was constricted to mass-action
kinetic systems [3,4]. Instead Clarke derived more detailed
results also on global stabilities (Lyapunov functions
[19,25]), oscillations, and multistabilities [4,5]. However, in
contrast to our simple method, his detailed analyses cannot
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be carried out for large networks [5]. Some more recent re-
sults stand in the tradition of Clarke, all dealing with mass-
action kinetic systems. Feinberg er al. [27] studied necessary
conditions for bistability, culminating in a recently published
new theorem defining a class of mass-action kinetic systems
possessing a single steady state only [28]. Others focused on
oscillations. Eiswirth et al. [29] proposed a classification of
Hopf bifurcation oscillators. Related to this approach is the
work of Goldstein et al. [23]. The authors studied the so-
called “oscillophoretic” condition for oscillations in mass-
action kinetic systems with monomolecular and bimolecular
reactions. The coefficients of the characteristic polynomial
(3) should fulfill the conditions a,>0 and @; <0 for some i
<n [30]. In contrast to our analysis the authors did not con-
sider Hurwitz determinants. However, system (10) shows
that this is not a necessary condition: this H, system has
stable limit cycles although ¢;>0 V i<<n. It was argued that
also enzyme kinetics may be handled within this framework,
because the elementary reactions are only monomolecular
and bimolecular (for a general derivation of enzyme kinetic
rate laws from elementary reactions see [31]), but in contrast
to our ICSA, general activation and inhibition relations of
signal transduction and gene regulatory networks are not in
the focus of the Goldstein et al. approach.

Of course, the relationship of dynamic behavior and topo-
logical structures of systems has fascinated many other au-
thors. A well-known result is Thomas’ conjecture that at least
one positive feedback loop is necessary for the existence of
multiple steady states [32]. This was proven later by different
authors, e.g., [33]. It was also shown that another ingredient
is essential for bistability: there must be some mechanism to
filter out small stimuli of the positive feedback loop [34], for
instance zero-order, inhibitor, or cooperative ultrasensitivity
[35]. Negative feedback loops, in contrast, can create oscil-
lations [36]. Indeed, all three oscillating systems presented
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here contain negative feedback cycles: x—z—y-x in Egs.
(5a) and (10) and x—y—z-x in Eq. (9). It was found that
bistable switches, coupled to slower negative feedback loops
produce oscillations [34]. Systems (5a), (9), and (10) show
that one negative feedback loop alone is already sufficient. It
is tempting to speculate that a negative feedback loop is
indeed a necessary condition for oscillations. Note that not
all cycles eventually appear in a; or H;: the negative feed-
back cycle —v, ,v4 05, in Eq. (9) can be seen in the Jacobian
(in the elements b,3b,,b3,), but not in its determinant a (and
therefore also not in H,), because it cancels out with the
corresponding terms of by1by3b3,.

Recently, other approaches to bridge the gap between
structural analyses [7,9,14] and explicit kinetic modeling
have been proposed: Angeli et al. [25] presented a method
for analyzing positive-feedback systems with respect to bi-
stability and multistability and corresponding bifurcations,
and Steuer et al. [37] did a statistical analysis of the allowed
parameter space to determine the possible dynamic behavior
of a metabolic system with given topology.

Our ICSA method works for all dynamical systems for
which the required topological information can be provided.
Importantly, if a system contains no instability causing topo-
logical structure, for instance an autocatalytic cycle, it fol-
lows that all steady states are always locally stable. This has
additional important implications: because all known
(bio)chemical systems with sustained oscillations also give
rise to Hopf bifurcations, i.e., locally unstable steady states
(a homoclinic bifurcation causing p53 oscillations might be
an exception [38]), limit cycles, and chaotic behavior is
highly improbable for all systems without instability causing
topological structures [18]. An example is the five-
dimensional SLP system [7]. From Eq. (6) the corresponding
general Jacobian follows:

—Uia—bia 0 0 0 0
Uia —Uyp—byp U3.c 0 0
0 U2 —U3,c~V4,c~ Vs,C Us.D 0
0 0 Uyqc -Usp—bsp 0
0 0 Ve.c 0 —byg

An ICSA shows that the SLP system has only locally stable
steady states: all a; as well as H,, Hy and H, contain only
positive terms. However, if a system contains instability
causing structures (ICS), i.e., feedback cycles (one ICS can
contain different feedback cycles, but without feedback
cycles no ICS), the type of the contained cycles yields addi-
tional important information: without positive feedbacks

bistability or multistability can be excluded, and negative
feedbacks are (probably) necessary for sustained
oscillations.”

"In our terminology, an instability causing structure (ICS) corre-
sponds to at least one negative term in some a; or H;. Therefore, the
negative feedback loop of system (9) is no ICS.
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It is expected that important biological insight will be
gained by future systematic analyses of all known large-scale
metabolic, gene regulatory, and signal transduction systems
concerning topological structures causing instabilities.
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